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Introduction

Agents may have preferences not only over the quantities of goods they themselves
consume but also over the total quantities of various goods supplied.
Consider a consumer with concern for animal welfare. The consumer’s utility is
increasing in his own meat consumption, but decreasing in total meat consumption:
in the consumption of pigs and chickens in particular. How he should adjust his
purchasing behavior, relative to what his optimal purchases would be if he had no
concern for animal welfare, is not obvious. If he believes that the production of a
dollar’s worth of chicken creates more misery than the production of a dollar’s worth
of pork, for instance, he may naively be inclined to prioritize reducing his purchases
of chicken over reducing his purchases of pork. If the supply of pork is more priceelastic and demand for pork less price-elastic than that of chicken, however, this
inclination may be misguided. Buying less chicken in this case simply causes the
price to fall and the quantity demanded by other consumers to rise, with little net
impact on the quantity of chicken consumed. Buying less pork, by contrast, generates
a substantial decrease to the quantity of pork consumed. Cutting back on pork may
thus be the higher priority.
Complicating matters further, however, our consumer must consider the impact
of his purchases of a good not only on the quantity of that good, but on the quantities
of all the goods he cares about: here, that is, on the quantities of both pork and
chicken. If buying less chicken causes other consumers to substitute to chicken from
pork, then cutting back on chicken may be the best policy after all.
The purpose of this paper is to characterize, in light of these complications,
equilibrium market behavior by “ethical consumers” in a competitive production
economy. We will work in a static setting and assume that all parties have complete
information.
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Bergstrom et al. (1986) study equilibrium spending behavior by public good providers
in light of crowd-out issues like those discussed above. The model we will consider
is conceptually related to Bergstrom et al.’s model, but (a) we will allow the cost
of providing each good to be determined endogenously by the starting endowments,
firm production functions, and quantities of other goods purchased; (b) our economy
will be populated not by individuals not all of whom care about goods’ supply levels
as opposed to their own consumption of them; and (c) we will assume that all agents
are “atomic”, in the sense that they can act as price-takers for some purposes.
Dufwenberg et al. (2011) purport to study “other-regarding preferences in general
equilibrium”. In particular, they present a model intended to capture equilibrium
purchasing behavior in a static production economy in which individuals may have
preferences defined not only over their own consumption baskets but also over the
consumption baskets, utility levels, or budget sets achieved by other consumers. If
they had in fact captured equilibrium purchasing behavior in such a setting, their
project would have encompassed the project of the present paper, since concern
for the total production of various goods is a special case of concern for others’
consumption baskets. Remarkably, however, Dufwenberg et al. maintain the classical
assumption that each individual is fully “atomic”, in the sense that her own purchases
have no impact on either prices or aggregate production. They thus conclude that an
individual’s other-regarding preferences have no impact on her purchasing behavior,
unless they interact nonlinearly with her self-regarding preferences: for example, if
she prefers brown bread to white bread if and only if her neighbor has two cars. A
similar approach to other-regarding preferences, or preferences over total production
levels, is taken by Kreps (1990) (p. 203), Ellickson (1994) (§7.3), Sobel (2009), and
many others.
In fact, however, though a consumer’s ability to influence the price of a good vanishes as the surrounding economy grows, any such price change slightly influences
more purchases by others. An ethical consumer’s concern for the externalities of his
purchases in a competitive economy is thus entirely consistent with the intuitive and
well-known result (Roberts and Postlewaite, 1976) that, as the surrounding economy
grows and individual market power falls, self-interested consumers are incentivized to
act ever more like price-takers. If buying one unit of chicken induces, in equilibrium,
the production of 0.6 more units of chicken in an economy with one billion participants, it also induces the production of approximately 0.6 more units of chicken in
a “doubled” economy with two billion participants but an identical distribution of
endowments and production technologies. The size of an “ethical externality” in this
sense does not in general fall to zero as an economy approaches perfect competition.
Finally, Wilkinson (2022) argues that consumers are morally obligated to account for the market externalities of their purchases: i.e. the impacts that their
purchases have on prices, and the impacts of these price-shifts on others’ purchases
and ultimately others’ welfare. However, in his illustrations, he only calculates the
partial equilibrium impacts of a given choice of purchasing behavior. In effect, he
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assumes that cross-price elasticities of demand and supply are zero, at least across
goods that a consumer holds to have nonzero ethical externalities. He also focuses
on the case in which individuals have preferences over the equilibrium income levels
of other individuals, rather than the (as we will see) strictly more general case in
which individuals have preferences over good supply levels. The analysis presented
here fills these gaps.
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Model

There are L goods.
The production set is denoted Y . We will assume that it contains the origin and
is convex, closed, and bounded above with a continuously differentiable and strictly
concave upper boundary.
There is a large number I of individuals, with starting endowments ω i ̸= 0 (or
ωℓi ≥ 0 of good ℓ), and utility functions ui for i = 1, ..., I. The vector of total initial
endowments is ω, and the total initial endowment of good ℓ is ωℓ . Likewise, the
vector of net production quantities is y ∈ Y , and the net production of good ℓ is yℓ .
Individual i’s vector of purchases is denoted xi . The vector of total purchases of
each good is denoted x. Purchases are made according to price vector p.
Though we will study the equilibrium properties of this economy in a static
setting, we may for clarity imagine production and trade unfolding over the course
of four steps. First, each individual i chooses an L-length vector ψ i , which might be
interpreted as a set of good-specific “ethical weights”. (ψ denotes the L × I matrix
constituting all individuals’ good-specific ethical weights.) Second, each individual i
sells her endowment, earning an income of p · ω i , and goods are processed according
to the production vector y(p) that maximizes aggregate profits π, as defined by (7)
below. (Note that y(p) is differentiable, by the differentiability of the upper boundary
of Y .) Third, each individual i receives a share θi of π. Finally, given y and ψ i , each
i purchases xi ≥ 0 to maximize what we will call her quasi-utility function ũi subject
to her budget constraint.
The idea may be reframed as follows. People strategically submit (binding)
demand functions to the Walrasian auctioneer. An individual’s demand function
is not fully determined by her budget and the price vector, but also by how a given
submitted demand function will affect total production in the resulting equilibrium
(which depends on what demand functions others are submitting). In particular,
the demand function i submits is that which would be implied by a strategically
tweaked version of i’s true utility function ui (·), namely ũi (·). The strategic tweaks
in question are determined by ψ i .
The vector of total quantities of each good in existence after production has
taken place will be called supply, and it will be denoted s ≜ y + ω (≥ 0).
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For each i, quasi-utility function ũi (·) takes the form
ũi (xi , ψ i ) = v i (xi ) + ψ i · xi ,

(1)

defined over positive (or, depending on v i (·), perhaps nonnegative) values of xi and
all values of ψ i . We will call v i (·) i’s felicity function and, as noted above, ψ i i’s
vector of ethical weights.1
The agent’s utility function ui (·) represents her all-things-considered preferences,
defined over xi and s. We will assume that it has a representation additively separable
across xi and s, taking the form
ui (xi , s) = v i (xi ) + wi (s),

(2)

where both v i (·) and wi (·) are continuously differentiable (noting in particular that
∇wi (s) is finite at all s ≥ 0), and where v i (·) is increasing and satisfies the Inada
condition that
∂v i (xi )
= ∞ ∀ℓ.
∂xiℓ
xℓ →0
lim
i

(3)

We will assume that there is at least one individual whose preferences are defined
only over own consumption. More formally,
∃i : wi (s) = 0 ∀s.

(4)

We will also impose one more technical assumption on the {wi (·)}, noted below.
Given quasi-utility functions ũi (·) as in (1), we can define demands as a function
of prices, ethical weights, and profits:


i
i i
i
i
x (p, ψ, π) = arg max v (x ) + ψ · x
p · xi ≤ p · ω i + θi π,
(5)
xi
X
x(p, ψ, π) =
xi (p, ψ, π).
(6)
i

Our assumptions straightforwardly imply that demand functions are well-defined,
i.e. that demand correspondences are single-valued. It is not as straightforward
that they imply that demand functions exhaust individual budgets. This will be
shown in §3.
1

These terms are intended only as concise ways to distinguish v i (·), used to represent the preferences i has over the quantities of goods she herself purchases, from ψ i , used to represent the
preferences i has over total supply levels. The former preferences will often consist primarily of
preferences for individual pleasure or wellbeing, and the latter will often consist primarily of ethical
preferences, but there is no necessary connection. Also, note that the usage of the term “felicity function” here bears no close connection to its occasional usage in the intertemporal choice
literature as an alternative to “flow utility function”.
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Given prices, ethical weights, and production functions, aggregate profits equal
π(p, ψ, y) = π : p · x(p, ψ, π) = p · (ω + y).

(7)

p · x(p, ψ, 0) ≤ p · ω
≤ p · (ω + y(p)),

(8)
(9)

Note that

where (8) follows from (5). Also, by (4), p · x(p, ψ, π) increases without bound in π.
Thus, as long as y = y(p), there is thus a unique π ≥ 0 satisfying (7). (As explained
below, y(p) is the unique production vector maximizing p · y, and this will also be
the unique production vector maximizing π.)
This definition of aggregate profits is a standard alternative to the more conventional π(p, y) = p · y used in the event that individuals are not locally nonsatiated.2
Here, we cannot assume local nonsatiation: we must allow for the possibility that,
in some circumstances and for some preferences individuals might have about aggregate supply levels, an individual maximizes his utility by spending less than all
his budget. Defining profit to equal p · y would imply that, even in equilibrium,
more-than-satiated consumers would give rise to p · x < p · s. Firms would in effect
remain in possession of unsold goods of value of p · (s − x), leaving them to rot on
the shelves.
Definition (7), by contrast, amounts to the more natural and realistic assumption
that any such excess production would belong to the producer, and thus to individuals according to shares θ. This implies that if p · x(p, ψ, π) < p · s(p), profits π are
incompatible with (p, ψ). Given (p, ψ), aggregate profits in fact exceed π by p·(s−x).
Likewise, if p · x(p, ψ, π) > p · s(p), profits π are incompatible with (p, ψ) because
they imply that consumers buy goods worth more than all the goods available to
sell. In this case at least some of the dividends returned to consumers were not true
profits at all; firms would have had to withhold at least some of these profits in order
to fill the orders given by x.
Observe that when individuals do exhaust their budgets,
p · x(p, ψ, p · y) = p · ω + p · y = p · s.

(10)

Profits then equal p·y, as usual. Also, even in the more general setting of (7), because
x is increasing in π, assuming that production y(p) maximizes profits is equivalent
to assuming that production maximizes p · s and thus p · y.
Finally, for simplicity, let
x(p, ψ) ≜ x(p, ψ, π(p, ψ, y(p))),

(11)

2
Konovalov (2005) offers an review of the literature using this approach, at least as of 2005. The
resulting equilibria are called “dividend equilibria” or “Walrasian equilibria with slack”.

5

where π(·) is defined as in (7).
Before proceeding, let us make three clarifications.
First, it may seem as though the behavior described by maximizing (1) amounts
to assuming that one’s own purchases have no impact on total production, and
simply associating the consumption of each good ℓ with some “ethical” contribution
to one’s own utility that can be represented as growing linearly in the consumption
of the good. This is not the behavior being modeled, however. Rather, we are
assuming that i chooses ψ i , and ultimately xi , entirely so as to maximize ui (xi , s) in
equilibrium. In a single-period setting, because purchases are made after production,
it is true that choices of xi cannot affect s. In equilibrium, however, s is determined
by y, which is determined by p, which is set in turn by individuals’ demand functions
and thus in part by ψ. i’s choice of ψ i therefore marginally impacts s. As we will
see, for an appropriate choice of ψ, the policy of making purchases so as to maximize
the quasi-utility function (1) in fact maximizes (2) in equilibrium.
Second, it may seem as though individuals consider their impact on total production only in their purchasing choices and not in their selling choices. That is, it
may seem as though individuals are assumed to maximize their income by selling the
entirety of their endowments, regardless of the extent to which their endowments are
used in the production of goods they consider to have negative externalities. In fact,
however, refusing to sell part of one’s endowment ωℓi is here equivalent to increasing
one’s purchases of xℓ . If such purchases would produce a favorable marginal effect on
s, in equilibrium, then i will set ψℓi high enough (in equilibrium) to motivate these
purchases.
Third, note that instead of introducing a set of profit-maximizing firms, we are
simply positing that production maximizes aggregate profits subject to a single,
abstract production technology. If we modeled the firms explicitly, we would have
to model how their behavior responded to the diverse preferences of their owners,
not all of whom here care only about profit maximization. We would likewise have
to explore the possibility that some distributions of firm ownership are incompatible
with equilibrium. Individuals with strong preferences regarding the production
levels of some goods might, for instance, be motivated to concentrate their capital
holdings in a few relevant firms so as to wield influence as “activist investors”.
To restrict our analysis to the equilibrium consequences of market purchases, we
will therefore simply assume that production proceeds along profit-maximizing lines.
Finally, we will impose a technical condition on the wi (·), as noted above. In particular, we will assume that the (positive or negative) ethical impacts of production
grow subquadratically in total production levels, in the sense that
∇wi (as)
=0
a→∞
a
lim
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(12)

as long as
sℓ ̸= 0 ∀ℓ.

(13)

It follows from (3) that (13) will hold in equilibrium.
This condition ensures that, when i is a small player in a large economy, her range
of feasible impacts on total production is small enough that she cares negligibly about
her second-order impacts on total production. That is, if the levels of the goods in
existence begin at some s0 satisfying (13), then
wi (s0 + ∆s) ≈ wi (s0 ) + ∆s · ∇wi (s0 )

(14)

for any equilibrium impact ∆s feasible for i. Put another way, (12) ensures that as
we multiply the population—holding fixed each I-sized subpopulation’s distribution
of endowments and utility functions—by ever larger factors k, so that productions
and endowments are also multiplied by ever larger k, i’s utility function around a
given s0 can be approximated ever more closely (and perfectly in the limit) by
ui (xi , s) = v i (xi ) + wi (s0 ) + (s − s0 ) · ∇wi (s0 ),

(15)

and her demand function can likewise be approximated ever more closely by the
demand function implied by (1) with (15) substituted for ui (xi , s).
Note that the ethical impacts of production grow linearly (so, subquadratically)
in the size of the economy if they exhibit constant returns to scale. As in the
case of production, constant returns to scale here might be justified on the grounds
of a “replication argument”. If we doubled the earth and everything in it, the
value or disvalue present would presumably double as well (at least in, say, a total
utilitarian ethical framework), along with the ethically relevant externalities of the
total production of each good.

3

Results

In this context, with individuals partially internalizing the impacts of their purchases
on total production levels, the relevant notion of market equilibrium is not Walrasian
equilibrium, or even the “Walrasian equilibrium with slack” (WES) necessary to deal
with the possibility of nonsatiation. Nevertheless, let us now define WES in this
context. An alternative equilibrium concept will be defined subsequently.
Definition 1. Given aggregate endowments ω, an aggregate demand function
x(p, ψ), an aggregate production function y(p), and ethical weights ψ, p∗ is a Walrasian equilibrium with slack (WES) if
y(p∗ ) + ω = x(p∗ , ψ).
7

(16)

Let p∗ (ω, x, y, ψ) denote the set of generic WESes compatible with ω, x, y, and
ψ. Given ω, x, y, ψ ∗ , and p ∈ p∗ (ω, x, y, ψ ∗ ), let p∗ω,x,y,p (ψ), defined locally around
ψ ∗ , denote the WES p∗ compatible with ω, x, y, and ψ that is in the neighborhood
of p. Note that, since p is a generic WES, p∗ exists and is unique.
Definition 2. Given aggregate endowments ω, an aggregate demand function
x(p, ψ), and an aggregate production function y(p), (p∗ , ψ ∗ ) is a Walrasian equilibrium with supply externalities (WESE) if p∗ is a WES given (ω, x, y, ψ ∗ ) and
ψℓ∗i = ... think about how to define this.

(17)

[The issue here is that we want to define prices as a function of demand functions,
rather than ψ, so that we can have ψ i be the derivative of wi with respect to demands
(locally around some WES). So we really do have to go back and frame things
in terms of people submitting overall demand functions, at least from some class.
Maybe that class is just “all demand functions that maximize ũi for some ũi compatible (given some ψ i ) with (1)”... but it would be nice if we could be more general.]
Let 0L and 1L denote the L-length vectors of zeroes and ones respectively. Let
D(a), for an arbitrary vector a, denote the diagonal Len(a) × Len(a) matrix M with
Mℓℓ = aℓ for ℓ = 1, ..., Len(a).
Given a price vector p and ethical weight matrix ψ, define the following terms:
δ ≜ The gradient of the aggregate Engel curve, i.e. ∇π x(p, ψ, π)

(18)

Js (p) ≜ The Jacobian of s(p)
Jx (p, ψ) ≜ The Jacobian of x(p, ψ) with respect to p
f (p, ψ) ≜ The generalized inverse f of Js − Jx with f δ = 0L and 1L · f = 0L
σ(p) ≜ The matrix of cross-price elasticities of supply at p
ε(p, ψ) ≜ The matrix of cross-price elasticities of demand at (p, ψ)
ϕ(p, ψ) ≜ The generalized inverse ϕ of σ − ε with ϕD(s(p))−1 δ = 0L and p · ϕ = 0L .
We can now provide a closed-form solution for ψ ∗ in any WESE. That is, if
we know certain aggregate statistics—namely the gradient of the aggregate Engel
curve, and either the Jacobians of supply and demand or (equivalently) the matrices
of cross-price elasticities of supply and demand and the total supply levels—we can
determine the ethical weight that an individual with some ethical preferences should
assign to each good.
Proposition 1 (Ethical weights in WESE).
Given a WESE (p∗ , ψ ∗ ),

T
ψ ∗i = Js (p∗ ) f (p∗ , ψ ∗ ) ∇wi (s(p∗ ))

T
= D(s(p∗ )) σ(p∗ ) ϕ(p∗ , ψ ∗ ) D(s(p∗ ))−1 ∇wi (s(p∗ ))
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(19)
(20)

for all i.
Proof. See Appendix A.1.
Proposition 2 (Non-satiation in WESE given additive separability).
Suppose v i (·) is additively separable, for all i, into increasing components all of which
are weakly concave and at most one of which is not strictly concave. Then, in any
WESE (p∗ , ψ ∗ ), ψ ∗i ̸≪ 0 ∀i, and all individuals exhaust their budgets.
Proof. See Appendix A.2.
Determining the precise circumstances under which a WESE exists is difficult. However, we can show existence under certain conditions.
To begin, let

S ≜ s : s = ω + y for some y on the frontier of Y and sℓ ≥ 0 ∀ℓ .
(21)
That is, let S denote the set of just-feasible supply vectors.
Since the frontier of Y is strictly concave, the marginal rates of transformation
between goods are bounded throughout S. Let P denote the relative price vectors,
corresponding to these marginal rates of transformation, with components summing
to 1. Note that P is compact, that p ≫ 0 ∀p ∈ P , and that, as long as we are in
an interior solution (with s ∈ S ◦ ), the relative price vector p for which s is profitmaximizing must be within P .
Also, let
P̄ℓ ≜ max
p∈P

pL
.
pℓ

(22)

Because P is compact and p ≫ 0 ∀p ∈ P , (22) is well-defined.
Finally, let eℓ denote the vector with a 1 in place ℓ and 0 elsewhere, and let
ψ̄¯ℓi ≜

max

p∈P,k≤L,m≤L

Js (p)ek · ∇wi (s(p)) eℓ · Js (p)em

∀ℓ < L.

(23)

Because P is compact and the functions composed are continuous in p, the maximum
exists.
Proposition 3 (Existence of WESE given additive separability and other restrictions).
Suppose every individual i has a felicity function v i (·) of the form
i

i

v (x ) =

L−1
X

ṽℓi (xiℓ ) + ti · xi ,

ℓ=1

9

(24)

where the coefficient of relative risk aversion of each ṽℓi is everywhere within (0, 1].
Suppose also that, for all i and all ℓ < L, ṽℓi is differentiable and satisfies the lower
and upper Inada conditions, and
tiℓ ≥ ψ̄¯ℓi ,


tiL > P̄ℓ tiℓ + ψ̄¯ℓi , and
 ti

ωℓi > ṽℓi ′−1 L − tiℓ − ψ̄¯ℓi .
P̄ℓ

(25)
(26)
(27)

Then a WESE exists.
Furthermore, in any such WESE, ψLi = 0 for all i.
Proof. See Appendix A.3.
Proposition 3 demonstrates that WESEs do exist under at least some conditions.
We will now show that they exist under very different conditions as well. Though
both sets of conditions are highly restrictive, this pair of demonstrations may suggest
that they exist more widely.
Proposition 4 (Existence of WESE given symmetric utility and endowments).
Suppose that y(·) is symmetric across goods and that, for each i, v i (·) and wi (·) are
symmetric across goods, that v i (·) (with ψ i = 0) implies a strictly increasing and
strictly quasiconcave demand function xi (·) satisfying the gross substitutes property,
and that ωℓi is the same for all ℓ. Then a WESE exists in which ψ i = 0L for all i.
Proof. See Appendix A.4.
[Explanation of how preferences over total supply are more general than preferences
over others’ consumption levels in this context]
[How to approximate (63) when Js , Jx , and/or (especially) ∇wi are sparse; some
estimates of how far off the naive approach tends to be]
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Appendices
A
A.1

Proofs
Proof of Proposition 1

Fix {ui } and {ω i }, and let p̄ denote a WES compatible with some matrix of ethical
weights ψ̄. Let x̄ denote the consumption levels implied by p̄.
Except in certain edge cases, for all ψ close to ψ̄ there is a unique WES close
to p̄. Starting from (p̄, ψ̄), we will now determine the ψ that individuals will “set
for themselves” so as to maximize their respective utilities in the corresponding
equilibrium. We will simply assume for now that all parties exhaust their budgets
in any equilibrium.
Suppose i shifts her demand by ∆xi while staying within her budget constraint—
i.e. maintaining
p · ∆xi ≤ 0.

(28)

As long as the responses of equilibrium relative prices to these demand shifts are
differentiable around (p̄, ψ̄), which they must be in any generic equilibrium, we can
define the (infinitesimal) equilibrium effect of any such marginal demand-change on
the price of each good as a linear function of the demand-changes. In fact there are
multiple such linear functions which would have the necessary effect on equilibrium
relative prices; let us denote the set of such matrices by F(p̄, ψ̄), with elements F .
11

Consider a demand shift that keeps i precisely on her budget constraint a ∆xi
such that
p · ∆xi = 0.

(29)

Since real productive capacity has not changed following i’s demand shift, we must
always, for any F ∈ F(p̄, ψ̄), have
#
"
L
L
X
X
∂x
(p̄,
ψ̄)
∂s
(p̄)
m
m
(30)
−
= ∆xim ∀m.
∆xiℓ
Fkℓ
∂p
∂p
k
k
ℓ=1
k=1
Alternatively, we can replace the Fkℓ in (30) by
Φkℓ ≜ Fkℓ

sℓ (p̄)
,
p̄k

(31)

multiply the bracketed expression by
p̄k sm (p̄)
,
sm (p̄) sℓ (p̄)

(32)

and factor out the sm (p̄)/sℓ (p̄) term. Recalling that s = x in equilibrium, these
changes let us represent equality (30) in elasticity terms:
L
L
X

∆xiℓ X
∆xim
Φkℓ σmk (p̄) − εmk (p̄, ψ̄) =
∀m,
s
s
ℓ (p̄)
m (p̄)
ℓ=1
k=1

(33)

where σ and ε denote the matrices of cross-price elasticities of supply and (uncompensated) demand respectively.
Of course, an incremental shift in expenditure will typically, in equilibrium,
marginally impact the relative prices of many goods, including other goods i buys
and goods with which she is endowed. As in the conventional case of self-interested
individuals, i can ignore these price impacts for budgeting purposes when I is large.
However, i cannot ignore these price impacts for the sake of estimating the equilibrium impacts of her purchases on total production. As I grows (and as the corresponding economy is multiplied), Fkℓ falls with 1/I, but ∂sℓ (p̄)/∂pk grows with I.
ϕkℓ , σkℓ , and εkℓ converge to constants.
Also, for any finite I, we must remember that the (exactly or approximately) 1/pℓ
units of ℓ newly acquired by i come from increases in the production of ℓ and/or
decreases in others’ consumption of ℓ. Likewise, we are here stipulating that i’s
consumption of all m ̸= ℓ is fixed. The derivative of aggregate demand in (30)
would therefore, in a more exact finite-population expression, be a derivative only of
12

demand aggregated over j ̸= i. As I grows, however, i’s demand responses to price
become an ever smaller fraction of aggregate demand responses to price;
Fkℓ

X ∂xj (p̄, ψ̄)
∂xm (p̄, ψ̄)
m
→ Fkℓ
∀m.
∂p
∂p
k
k
j̸=i

(34)

Therefore (30) holds precisely in the limit.
Writing (31) in matrix notation, we have

Φ(p̄, ψ̄) = F (p̄, ψ̄)s(p̄) 1L · D(p̄)−1 ,

(35)

where 1L denotes the L-length vector of ones and D(p), for an arbitrary vector p,
denotes the diagonal Len(p) × Len(p) matrix with Dℓℓ = pℓ for ℓ = 1, ..., Len(p).
Therefore let F[s/p] denote the set of matrices Φ satisfying (31) for some F ∈
F(p̄, ψ̄).
Writing (30) in matrix notation, we have, for any ∆xi satisfying (29) and any
F ∈ F(p̄, ψ̄),

Js (p̄) − Jx (p̄, ψ̄) F ∆xi = ∆xi ,
(36)
where Js denotes the Jacobian of s(p) (or, equivalently, the Jacobian of y(p)) and Jx
denotes the Jacobian of x(p, ψ, π) with respect to p. Likewise, writing (33) in matrix
notation, we have, for any ∆xi satisfying (29) and any Φ ∈ F[s/p](p̄, ψ̄),

σ(p̄) − ε(p̄, ψ̄) Φ D(s(p̄))−1 ∆xi = D(s(p̄))−1 ∆xi

=⇒ D(s(p̄)) σ(p̄) − ε(p̄, ψ̄) Φ D(s(p̄))−1 ∆xi = ∆xi .
(37)
Js p = 0. If prices all rise in proportion to their current levels, then the price
vector has simply been rescaled, and supply levels will not change. Jx p = 0 likewise,
so (Js − Jx )p = 0 as well. And p spans its nullspace: by the strict concavity of y(p)
and x(p, ψ̄, π), any change to relative prices shifts supply and demand in opposite
directions, so (Js − Jx )q ̸= 0 when q is not a multiple of p.3 Js − Jx is thus singular,
with
Rank(Js − Jx ) = L − 1.

(38)

It follows immediately from (36) that the column space of Js − Jx contains all
∆x satisfying (29). This space of ∆xi is of dimension L − 1. It then follows from
i

3

I guess this is what changes when the equilibrium p̄ is a “multiple root”? In this case, the
equilibrium impacts of marginal demand changes on prices are indeed undefined: slight changes to
demands can locally eliminate equilibria, or generate multiple local equilibria where there had been
only one. But this shouldn’t ever be a problem, since our assumptions imply that the WES for any
given ψ will be unique.

13

(38) that the column space of Js − Jx is the set of ∆xi satisfying (29). F is thus a
generalized inverse of Js − Jx .
It follows by reasoning analogous to that two paragraphs above that 1L spans
the nullspace of σ − ε, and that, since D(s) is invertible,
Rank(σ − ε) = Rank(D(s)(σ − ε)) = L − 1.

(39)

By reasoning analogous to that of the previous paragraph, the column space of
D(s)(σ − ε) is thus the set of ∆xi satisfying (29). It then follows from (37) that
ΦD(s)−1 is a generalized inverse of D(s)(σ − ε), and thus that Φ is a generalized
inverse of σ − ε.
Let
δ i ≜ ∇π xi (p, ψ, π) and
X
δ≜
δ i = ∇π x(p, ψ, π).

(40)
(41)

i

Observe that δ ̸= 0. Letting I denote a pure consumer, and recalling our assumption
that at least one exists, we have p · δ I > 0. We have p · δ i ≥ 0 ∀i ̸= I as well,
with equality holding iff i is satiated (as may happen with ψ i ≪ 0). Thus, summing
across i, p · δ > 0.
As a result, if some i adjusts her demand by ∆xi = −δ, profits π can simply
increase until aggregate demand equals supply. There will be no change to relative
prices. We must thus have F δ proportional to p for all F ∈ F.
Let us now construct the unique f ∈ F for which the sum of price changes
resulting from a demand shift always equals zero: in this case, for example, imposing
f δ = 0L .

(42)

Let U N V T denote a singular value decomposition of Js − Jx with Nℓℓ ̸= 0 for
ℓ < L and NLL = 0. Because f is a generalized inverse of Js − Jx , we must by (38)
have
 −1

N1
A T
f =V
U ,
(43)
B C
where N1 is the (L − 1) × (L − 1) principal submatrix of N and A, B, and C are
(L − 1) × 1, 1 × (L − 1), and 1 × 1 respectively.
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Since V is invertible, (42) reduces to
 −1

N1
A
δ̃ = 0L
B C

(44)

δ̃ℓ 1
, ℓ = 1, ..., L − 1, and
δ̃L Nℓℓ
L−1
1 X
C=−
Bℓ δ̃ℓ ,
δ̃L ℓ=1

=⇒ Aℓ = −

(45)
(46)

where δ̃ ≜ U T δ.
Furthermore, since the sum of normalized price changes resulting (by f ) from
any demand change equals zero, we have
1L · f = 0TL .
Since U T is invertible, (47) reduces to
 −1

N1
A
Ṽ
= 0TL
B C
=⇒ Bℓ = −

(47)

(48)

Ṽℓ 1
, ℓ = 1, ..., L − 1,
ṼL Nℓℓ

(49)

where Ṽ ≜ 1L · V . By (46), this also gives us C. f is thus fully constructed.
Likewise, we now know not only that Φ is a generalized inverse of σ − ε, but also
that ΦD(s)−1 δ is proportional to p, for all Φ ∈ F[s/p]. Let us now construct the
unique ϕ ∈ F[s/p] for which the sum of price changes resulting from a proportional
demand shift always equals zero: in this case, for example, imposing
ϕD(s)−1 δ = 0L .

(50)

Let U N V T denote a singular value decomposition of σ − ε with N ℓℓ ̸= 0 for ℓ < L
and N LL = 0. Because ϕ is a generalized inverse of σ − ε, we must by (39) have
 −1

N1 A T
ϕ=V
U ,
(51)
B C
where N 1 is the (L − 1) × (L − 1) principal submatrix of N and A, B, and C are
(L − 1) × 1, 1 × (L − 1), and 1 × 1 respectively.
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Since V is invertible, (50) reduces to
 −1

N1 A
δ̃ = 0L
B C

(52)

δ̃ ℓ 1
, ℓ = 1, ..., L − 1, and
δ̃ L N ℓℓ
L−1
1 X
C=−
B ℓ δ̃ ℓ ,
δ̃ L ℓ=1

=⇒ Aℓ = −

(53)
(54)

where δ̃ ≜ U T D(s)−1 δ.
Furthermore, the sum of normalized price changes resulting (by ϕ) from any demand change—i.e. the dot product of the price vector and the vector of proportional
price changes induced by ϕ—equals zero. We thus have
p̄ · ϕ = 0TL .
Since U T is invertible, (55) reduces to
 −1

N1 A
Ṽ
= 0TL
B C
=⇒ B ℓ = −

(55)

(56)

Ṽ ℓ 1
, ℓ = 1, ..., L − 1,
Ṽ L N ℓℓ

(57)

where Ṽ ≜ p · V . By (54), this also gives us C. ϕ is thus fully constructed.
Having constructed f (or ϕ), we can now characterize i’s impact on total production
resulting from a given feasible deviation in demand from xi (p̄, ψ̄) to xi . In particular,
the vector of supply differences is given by
∆s = Js (p̄) f (p̄, ψ̄) (xi − xi (p̄, ψ̄))
= D(s(p̄)) σ(p̄) ϕ(p̄, ψ̄) D(s(p̄))−1 (xi − xi (p̄, ψ̄)).
Substituting (58) for s − s0 and s(p̄) for s0 into (15), we have


ui (xi ) = v i (xi ) + wi (s(p̄)) + Js (p̄) f (p̄, ψ̄) (xi − xi (p̄, ψ̄)) · ∇wi (s(p̄))
= v i (xi ) + wi (s(p̄))


+ D(s(p̄)) σ(p̄) ϕ(p̄, ψ̄) D(s(p̄))−1 (xi − xi (p̄, ψ̄)) · ∇wi (s(p̄))

(58)
(59)

(60)
(61)

where the s argument has disappeared from ui (·) because supply is now expressed
as a function of xi .
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Noting the vector of “ethical” coefficients on xi (i.e. the coefficients on the terms
outside v i (xi )), i’s objective function reduces to
ũi (xi , ψ i ) = v i (xi ) + ψ i · xi ,

(62)


T
ψ i = Js (p̄) f (p̄, ψ̄) ∇wi (s(p̄))
T

= D(s(p̄)) σ(p̄) ϕ(p̄, ψ̄) D(s(p̄))−1 ∇wi (s(p̄)).

(63)

where

A.2

(64)

Proof of Proposition 2

Let us begin from an equilibrium and corresponding ethical weight matrix
(p̄, ψ̄). Holding prices fixed, let us consider the impact of a marginal increase in dividends on the demands of some individual i who is nonsatiated around (p̄, ψ̄, π(p̄, ψ̄)).
Suppose that there is a good m in which v i (·) is not strictly concave around
xim (p̄, ψ̄, π(p̄, ψ̄)) and that xim (p̄, ψ̄, π(p̄, ψ̄)) > 0. Then a marginal increase in dividends increases i’s income by θi , and all of this income is spent on good m. That is,
i
δm
= θi /pm , and δℓi = 0 for ℓ ̸= m.
[THIS ISN’T DONE—I need to deal with the case in which xim = 0. I also need
to deal with the edge case where i is indifferent about consuming m but satiated in
all other goods.] [The bit below isn’t quite done either...]
Suppose that, around xi (p̄, ψ̄, π(p̄, ψ̄)), v i (·) is strictly concave in all goods k for
which xik > 0.
Because j’s marginal rates of substitution across goods stay constant, we know
that j adjusts his spending by some δ j (p̄, ψ̄) such that his marginal quasi-utility in
each good, ∂ ũj /∂xjℓ , falls by the same proportion for all ℓ. By the assumption of no
inferior goods, In particular, since j’s marginal quasi-utility in each good must have
been proportional to its price, we must have
H j (p̄, ψ̄)δ j (p̄, ψ̄) = αp̄

(65)

for some α > 0, where H j denotes the Hessian of ũj with respect to xj .
By the strict concavity of v j (xj ) and the weak concavity of ψ j · xj with respect
to xj , and the fact that the sum of concave functions (with at least one strictly
concave) is strictly concave, ũj (·) is strictly concave with respect to xj . Thus H j is
everywhere negative definite, and thus invertible. So we have

−1
δ j (p̄, ψ̄) = α H j (p̄, ψ̄) p̄.
(66)
It also follows that δ j ≫ 0 everywhere.
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We must have α such that the marginal cost of this demand change equals the
marginal increase in j’s budget:

−1
αp̄ · H j (p̄, ψ̄) p̄ = 1
(67)
1
=⇒ α =
(68)

−1
p̄ · H j (p̄, ψ̄) p̄
 j
−1
1
=⇒ δ j (p̄, ψ̄) =
(69)

−1 H (p̄, ψ̄) p̄.
p̄ · H j (p̄, ψ̄) p̄
Now suppose that, for some i, xj ()˙ is locally nonsatiated around (p̄, ψ̄, π(p̄, ψ̄))
for all j ̸= i. Suppose also that, starting from a demand xi that exhausts i’s budget
at (p̄, π(p̄, ψ̄)), i chooses ∆xi ≪ 0 equal to the negative of the share-weighted average
of individuals’ δ j vectors:
X
X
∆xi = −δ, where δ ≜
θj δ j (p̄, ψ̄) ≈
θj δ j (p̄, ψ̄)
(70)
j

j̸=i

with the approximation holding exactly as I grows “large”.
This shift in demand by i increases profits (by −p · ∆xi = 1), and this increase in
profits increases others’ collective demands by −∆xi . With aggregate demands left
unchanged, relative prices and supply levels remain constant as well. It follows that
the ethical impact of ∆xi , from i’s perspective, equals zero—i.e. that
ψ i · ∆xi = 0

(71)

—and thus that ψℓi ≥ 0 for at least one ℓ, and thus that i is locally nonsatiated. In
other words, given an equilibrium (p̄, ψ̄) in which all j ̸= i are nonsatiated, the best
response ψ i implies that i is also nonsatiated.

A.3

Proof of Proposition 3

Suppose all individuals i have quasi-utility functions ũi that take the form
ũi (xi ) = v i (xi ) + ψ̄ i · xi ,

(72)

where felicity functions v i take the form
i

i

v (x ) =

L−1
X

ṽℓi (xiℓ ) + ti · xi ,

(73)

ℓ=1

where the coefficient of relative risk aversion of each ṽℓi is everywhere within (0, 1]
and ti + ψ̄ i ≥ 0. Suppose also that ψ̄Li = 0, that the ṽℓi are all differentiable and
satisfy the lower and upper Inada conditions, and that

tiL > P̄ℓ tiℓ + ψ̄ℓi ∀ℓ < L,
(74)
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so that, for large enough values of xiℓ , i prefers purchases of L to further purchases
of ℓ.
Individuals’ demand functions xi (p, ψ̄, π), written as functions of prices and profits holding ethical weights fixed, are as if derived from utility functions of the above
description. Note that the conditions above guarantee that each xi (·) satisfies the
weak gross substitutes property (GS) and that individuals exhaust their budgets.
Finally, suppose that endowments ω satisfy

tiL > P̄ℓ ṽℓi ′ (ωℓi ) + tiℓ + ψ̄ℓi ∀ℓ < L
 ti

⇐⇒ ωℓi > ṽℓi ′−1 L − tiℓ − ψ̄ℓi ,
(75)
P̄ℓ
so that, in effect, inequality (74) holds not only in the limit as xiℓ → ∞ but also at
the endowment point. This ensures that xiL (p, ψ̄, π) > 0 ∀p ∈ P and all π. For any
feasible interior price vector, consuming the endowment would leave the marginal
utility of purchasing L higher than the marginal utility of purchasing more of any
other good, so some L must be purchased, even if ωLi = 0 and π = 0. And of course,
if ωLi > 0 or i receives dividends, xiL must be higher than it would be otherwise.
We thus have a (unique) WES p̄ ∈ P , with xiℓ (p̄, ψ̄) > 0 for all i and ℓ. (The
inequality holds for all ℓ < L by the lower Inada condition, and for L by the
reasoning above.) [Something about how we’re thus at an interior supply vector for
any p ∈ P , so everything checks out so far.]
Given p̄, ψ̄, s(·) and x(·), define δ and f as in (18). Note that, because marginal
consumption all goes to good L given xiL > 0 ∀i, here δ = eL /p̄L .
The vector of price-impacts induced by individual i’s demand-shift ∆xi = eℓ for
some ℓ < L, starting from WES p̄, is the same as the vector of price-impacts induced
by
∆xi = bℓ ≜ eℓ − p̄ℓ δ,

(76)

since f δ = 0.
We know that p̄ · bℓ = 0: purchasing a unit of good ℓ costs p̄ℓ , and purchasing
the basket of goods denoted δ costs one unit, since it is defined to be the increase
in aggregate demand resulting from a unit increase in profits (and here, because ũi
is strictly increasing in the purchase of at least one good (and indeed of all goods),
individuals exhaust their budgets). Therefore, by the reasoning following (38), bℓ is
in the column space of Js (p̄) − Jx (p̄).
The price-impact of bℓ is f bℓ = f eℓ : the ℓth column of f (p̄, ψ̄). As we will now
show, we can place an upper bound on the absolute ethical impacts, for i, of this
price-impact. We will first place bounds on the ethical bounds of this price-impact
for any given p̄ (but ensuring that these bounds do not depend on ψ̄); then we will
place bounds that hold across all p ∈ P .
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With p̄ and ψ̄ still given, let
|fℓ | ≜

L
X

|fk,ℓ |,

(77)

k=1

and consider the rescaled demand-shift bℓ /|fℓ |. The price-impact of this rescaled
demand-shift equals f eℓ /|fℓ |. This is a vector the absolute values of whose components, by construction, sum to 1. The absolute value of each component must
therefore be no greater than 1. Therefore, because ethical impacts are additive in
price shifts, the absolute ethical impact, for i, of price-impact f eℓ /|fℓ | cannot be
greater than the maximum ethical impact that could result from a price-shift of the
form ek or −ek , for some k:
max Js ek · ∇wi .

(78)

k≤L

To find a lower bound for (77), consider the absolute values of the ℓth row of
Js − Jx . By the assumption that the upper boundary of Y is strictly concave, Js is
positive on the diagonal and negative elsewhere. Because x(·) satisfies weak GS, Jx
is nonpositive on the diagonal and nonnegative elsewhere. Thus the largest absolute
value of eℓ · (Js − Jx ) (the ℓth row of Js − Jx ) is no greater than the largest absolute
value of the eℓ · Js . Let us say that this largest absolute value appears in column m,
so that it equals |eℓ · Js em |. Since Js exhibits no zeroes, |eℓ · Js em | > 0.
Because (Js − Jx )f eℓ = bℓ , the dot product of eℓ · (Js − Jx ) and f eℓ equals bℓℓ ,
which in turn equals 1 (since δ = eL /pL , so δℓ = 0). Term (77) thus cannot be
smaller than the value it obtains when |fm,ℓ | = |eℓ · Js em |−1 and fk,ℓ = 0 for k ̸= m:
namely, |eℓ · Js em |−1 .
The absolute ethical impact for i of demand-shift bℓ (ℓ < L) thus, across all
feasible prices, can never exceed
ψ̄¯ℓi ≜

max

p∈P,k≤L,m≤L

Js (p)ek · ∇wi (s(p)) eℓ · Js (p)em

(ℓ < L).

(79)

Because P is compact and the functions composed are continuous in p, the maximum
exists. This then bounds the absolute value of the best-response ψℓi , given p ∈ P ,
across all demand functions and endowments consistent with quasi-utility functions
satisfying (72)–(74) and corresponding endowments satisfying (75).
¯
Finally, let ψLi = 0.
Let
io
n
h
Ψ ≜ ψ : ψℓi ∈ − ψ̄¯ℓi , ψ̄¯ℓi .

(80)

The bounds of Ψ, as derived above, do not depend on the values of t or ψ originally
chosen, as long as they satisfy (72)–(74). Therefore, suppose we impose the further
20

condition on preferences that
tiℓ ≥ ψ̄¯ℓi ∀i, ∀ℓ < L,

(81)

and, having chosen all such tiℓ , maintain the corresponding condition on tiL from (74),
namely that


i
i
i
¯
tL > P̄ℓ tℓ + ψ̄ℓ ∀i, ∀ℓ < L.
(82)
Suppose finally that we restrict ω i so that (75) holds for all ψ ∈ Ψ, by imposing
ωℓi

>

ṽℓi ′−1

 ti

L

P̄ℓ

−

tiℓ

− ψ̄¯ℓi



∀i, ∀ℓ < L.

(83)

Let ψ(p̄, ψ̄) denote the matrix of best-response ethical weights to p̄, ψ̄, as given
by Proposition 1: i.e.
ψ i (p̄, ψ̄) = [Js (p̄)f (p̄, ψ̄)]T ∇wi (s(p̄)) ∀i.

(84)

Also, let p(ψ̄) denote the (unique) WES compatible with ethical weights ψ̄. Assumptions (81)–(83) guarantee that, for all i,
ti + ψ i (p(ψ̄), ψ̄) ≥ 0,
ψLi (p(ψ̄), ψ̄) = 0

∀ψ̄ ∈ Ψ,

(85)

with the latter equality holding because, as long as xiL > 0 ∀i, marginal purchases
for all individuals go entirely to good L, so a choice to consume less of good L in
isolation simply increases profits, all of which are spent on L, without changing any
prices or the quantities of any goods supplied. By the reasoning up to (79), therefore,
the range of ψ(·), over domain P × Ψ, is contained in Ψ.
ψ(p̄, ψ̄) is continuous in p̄ and ψ̄ over P × Ψ. This follows from the fact that
s(·) and wi (·) are continuously differentiable by assumption, and from the fact that
f (p̄, ψ̄) is the inverse of Js (p̄) − Jx (p̄, ψ̄) (over a restricted domain), which is continuous in p̄ and ψ̄ over P × Ψ.
p(ψ̄) is continuous in ψ̄. This follows from the fact that equilibrium price changes
are continuous in demand changes around a generic equilibrium (the function from
the latter to the former being the matrix f ) and the fact that demand changes
are continuous in changes to ψ [but show this more rigorously]. Also, since our
assumptions ensure that s ∈ S ◦ in equilibrium given ψ̄ ∈ Ψ, the range of p(ψ̄), over
domain Ψ, is contained in P .
We thus have a continuous function (p, ψ)(p̄, ψ̄) from a compact, convex set P ×Ψ
to itself. By Brouwer’s fixed-point theorem, a fixed point exists. By definition, it is
a WESE.
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A.4

Proof of Proposition 4

Suppose ψ i = 0L ∀i. Then ũi (·) = v i (·) ∀i, so by the assumptions on the {v i (·)}
there is a unique WES p∗ .
We must have p∗ℓ the same for all ℓ (and, for all i, have xiℓ (p∗ ) (and thus siℓ (p∗ ))
the same for all ℓ). If we did not, any permutation p′ of p∗ would also be a WES,
with supply and demand levels permuted accordingly, by the symmetries of supply
functions, demand functions, and endowments. But the WES p∗ is unique.
Likewise, the best-response ethical weights ψ(p∗ , 0) must be equal, for each i,
across ℓ.
Starting from xi (p∗ ), consider a demand-shift ∆xi in the direction of
[−1, −1, ..., −1]T . This shift will increase profits, which will be spent by others on
all goods equally, returning supply levels precisely to s(p∗ ). The ethical impact,
PL for
i
i, of ∆x is thus zero. Since the ethical impact for i is also proportional to ℓ=1 ψℓi ,
and since ψℓi is the same across ℓ, we must have ψ i = 0L .
Therefore (p∗ , 0) is a WESE.
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