Supplement: full proof of Proposition 2

Let y" = A"L" so that Y,, = Y. (y")!*% and let y,, = Y, y", and y = inf,, y,,.
Let L?, denote fOWLl’,’dv, and observe that it is continuous. Let L = ), L". When
subscripted with a set P rather than a number, Lg‘) = /P Lgf)d w. Likewise, yp =

fp ALLydwandyp =3, yp.

Lemma 2: Discrete approximation of effective labor. As in Lemma 1, assume
that there is only one worker allocating her labor across an interval open below and
closed above, and for simplicity let the interval be (0, 1]. For each m € IN, let {I ]m}g:l
be the partition I, = ((j — 1)27™, j27™] and define the step approximation

m_ 1 _
Ly = . L Lydv for we€ Ijpy,

w
H™ = / (w—0) LI ap,
0

and A(vf,"), ys‘,m) likewise. Then:

1. Lgl) — L¢yin L2(0,1] and LSI,") — L,, a.e.

2. For all w, H‘(A,m) — H,, and so AST) — A,
(m)

3. Consequently, yy, * — yw a.e.

Moreover, for all m and all w € (0, 1],
_1 1_
HY < (1= 2B) 72 |1y w2

Proof. The functions LE.';) are conditional expectations of L. Since L, € L2(0, 1], the
(m)

martingale convergence theorem implies L(.) — Ly in L%, The Lebesgue differentia-
(m)

tion theorem implies Liy” = L) pointwise a.e. This proves (1).

By the Cauchy-Schwarz inequality,

w w
[H™ — H,,| < (/0 (w—u)_zﬁ(ﬁ))l/z(/o \LgmLLv\zdu)l/z.

(m)

Because < 1/2, the first integral is finite; and since L(') — L(.) in L2, the second



term tends to zero, so Hy, (m _, H,,. Continuity of (-)¥ yields (2).
Combining (1) and (2) gives (3). The final bound follows again from Cauchy-
Schwarz—

H(m) < / (w—v)" Zﬁdv) ‘ =(1- 2ﬁ)—%

—and ”LE’;’)

2 < Loz O

Lemma 3: Binwise discrete approximation of effective labor.  Maintain the
setup and notation of Lemma 2. For each m and each w € (0, 1], define the discrete

right-endpoint map
wm(w) = 27"[2™w] € {2"”,2-2"",...,1},

so that w € I, implies wy,(w) = j27™. Define the binwise-discrete effective labor and

learning stocks:

g™

Wm(w)

}7$vm) = y;";)( w) and H S‘,m)

Then ﬁsvm) — Yy ae.
More precisely, there exists a finite constant Cg (depending only on f) such that
forallmandall0 < w < w< 1,

1
HS ~ HLP| < Cp Ll lw— w77, (18)
and so for almost every w,
P~y — 0,  sothat ™ >y, ae (19)

Proof. Step 1 (uniform Holder modulus in w for H( )) Fix 0 < w’ < w < 1 and write
A=w—w >0. Split

H&,m)—HEVT) = / [(w—v)_ﬁ—(w’—v)_ﬁ]Lgm) dv + / (w=0)PLI™ dv = Ty + T,
0 /

w



For Ty, Cauchy-Schwarz gives

m AV2B N2
Tyl < /(w—v) 2ﬁdu) g Phe = (1=g5) e

. . — 1_
Using L}z < ILylz yields | To| < (1 - 287211yl 20277

For Tj, use the pointwise bound
((w=v)7 = =) 7P| < (W =0) P 1y peny + BAGY —0) P 1o,

which follows from monotonicity of ¢ — t~# and the mean value theorem on (A, ).
Applying Cauchy-Schwarz to each region and computing the resulting kernel inte-

grals gives |Ty| < ||L(m)||LzA2 =P for some finite C/ /i depending only on . Again
using ||L81)||L2 < ||L(,)||L2 proves (18) with Cg = Cﬁ +(1-=26)" 1/2,

Step 2 (within-bin replacement w — wy,(w)). Fix w € (0, 1] and set w = wy,(w). Then

0 < w—w < 27" and, by construction, L(m) because LE)) is constant on each

bin. Thus
)7&m) _ ysvm) _ L%")<(H$vm))y _ (H&m)))f).

Since y € (0,1) and a, b > 0 implies |a¥ — b¥| < |a — b|¥, we obtain

| ) _ (m)} < Lm | H«Ez;m) _ Hsvm)|Y_
Using (18) and w — w < 27™ gives
5 — ) < L (Cﬂ" Lyl z—m(é—ﬁ)y‘

By Lemma 2(1), LQL”) — L, a.e,, hence for such w the sequence {L%n)}(m) is eventually

bounded. Because y(% — f) > 0, the right-hand side tends to 0, proving (19) a.e.
(m)

Step 3 (convergence to the continuous y,,). Lemma 2(3) gives yy, ~ — y,, for almost all

w. Combining with (19) yields y( m Yw a.e. ]

Lemma 4: Existence and characterization of the optimal allocation of a worker



over an interval. Let

1
AE{L(.)ELZ(O,l] : LWZO,/ LdeZI}
0

denote the set of admissible labor allocations after dropping the left-continuity re-
quirement. Given Ly € A, let ® = essinf ¢ 1] yw- Then:
1. There exists L) € A with corresponding ®* = sup eA @

2. Any maximizer LZ) satisfies y;, = ®" a.e.

3. The maximizer is unique up to null sets and is given by
Li=01-pw?’,  we(o1].

Proof. Step 1 (discrete maximization). For each m € IN, partition (0, 1] into intervals
I}m) = ((j —1)27™, j27™], and define the simplex

zm
A = {x e R : ij = 1}.
=1

For x € AU, define the discrete learning stock and effective labor

k
. k—j+1y\F .
hk(m)(x) = E ( ] * ) Xj, y,(cm)(x) = (hk(m)(x))y 2™ xy,

and the discrete objective

YW = min ")

Since y™)(.) is continuous on the compact AU, there is a maximizer x*(™ e A(™.

Step 2 (equalization at the discrete optimum). Given an allocation x, suppose
3k = M) > ().

Because y](cm)(x) increases continuously in x; for j < k, there is an ¢ > 0 such that



y,(cm)(y?) > y(m)(x) for any x with (i) Xx > x; — € and (ii) X; > x; Vj < k.

Also, ifk + 2™M, for any € > 0 there is a § > 0 such that H(m)(fc) > H(m)(x) Vj >k,
and thus y] )(x) > yJ )(x) Vj >k, forall x with (i) Xy > x Vi < k, (i) X, = x(1—¢),
(iii) X1 = X1 + (1 — O)exy, and (iv) Xj > xj Vj > k + 1.

Choose such a ¢, § and let

rxj + Sexp [(k—1), j<k;
. (1 - e)xj, j=k;
xj+(1—8)exy, j=k+1;

[ Xj, j>k+1

(omlttlng the last two cases if k = 2™). Since y] )(x) > y] )(x) for all j # k and
Vi )(xk) > y(m)(x), we have y(m)(x) > y(m)(x).

«(m)
() be

the step-function den31ty assocnated to x*(™): that is, L}y xm) 2mxk(m) for w € ((k —

Step 3 (Uniform L? bound for the discrete equal-effective-labor solutions). Let L

1)27™ k27™]. Then {||L ||L2(0 1]}m>1 is uniformly bounded; equivalently,

sup 2" Z (m)

m>1

Proof. Define
M = g7y *(m)( k )ﬁ, k=1 . om
2m

SO 2mxz(m) = M,(c’”)(k/zm)—ﬁ. Also define

H(m) = max M,(Cm), M(m) = min M,(Cm)
1<k<om 1<k<am



Step 3.1 (Factorization ofhgcm) fork > 2). Fix k > 2. Using x;f(m) = Z_mM](.m)(j/Zm)—ﬁ’

o k—jriNh
KMy = Y < z{" + 1) i
j=1

e () ) e

- (2_"1)1 T,

P50 ) e

where

Step 3.2 (Uniform bounds on ],Em) in terms of MU and M(m)). Because f € (0,1), the
weight function w(s) = ((1 - s)s) P is integrable on (0,1). Moreover, the discrete

o (-2 ()

satisfy wjx > 1forall 1 < j < k (since each factor is > 1). Therefore, for every m and
k>2,

weights

k k
(m) _ m) o 1 (m) _ pqp(m)
E MY > E 1- MY = MY, 2
] j:1 a)],k ] = k = == 2= ( 0)

On the other hand, since w € Ll(O, 1], the Riemann sums %Zle wj | are bounded
above uniformly in k > 2; thus there exists C p < such that

_Zw1k<cﬁ for all k > 2.
]1

Hence, for every m and k > 2,

Jm = Zw] M <™. Zw]k< cy M™. (21)
J 1 ] 1



Step 3.3 (Use equalization, including k = 1, to bound M™ and M™). By definition of

x*(M) the quantities
y](cm)(x*(m)) = (hgcm)(x*(m)» 4 2me(m)

are equal across k = 1,..., 2"™; denote their common value by y*(m).
First consider k = 1. Then h(lm)(x*(m)) = ((1)/2m)_ﬂxf(m) and mef(m) =
M™((1)/2™) 7P, s0
y*(m) — y;(m)(x*(m)) — (Mgm))lﬂ" (22)

Now fix any k > 2. Using Step 1 and mez(m) = M,Em)(k/zm)_ﬁ,

. k\N1=2B8 coo\Y - )/ kP m) / (m k \r(1—-28)-p
o (A ) ()
Since y(1-28) - =0,
y*m = M](cm) (]]Sm))y for all k > 2. (23)

Choose kmax € {1,...,2™} attaining M(m). If kmax = 1, then (22) gives M(m) =
1
M™ = (y*W)TY If kpyay > 2, then combining (23) with (20) yields

y =G 2 M
In either case we have the uniform inequality
y ) > (Y, (24)

Similarly, choose kpin € {1,...,2™} attaining M(m). If kpin = 1, then (22) gives
1
M = M = (MY If ki > 2, then combining (23) with (21) yields

y = MMM Y < Mg ™)

In either case we have
Y < MO M™Y. (25)



Combining (24) and (25) gives
M(’”)( MMy < y*(m) < M(m)(CﬁM(m))y,

hence

)
(%)1 "<cl

Therefore M /M (m) is bounded uniformly in m.

Finally, use the unit-mass constraint:

S ) _ e KNTF w5 (K
1= YR =2 M () 2 MO Y ()

We now bound the last sum from below. Since x — x* is decreasing on (0, 1], for

each k > 2 we have
x P < (E)_ﬂ for all x € (Ei]
2m 2m - am
Hence

k/2m qn—
[ star<om(S2H)7
(k—1)/2m 2m

Summing over k = 2,..., 2™ gives

1 2m—1

frtosr S ()"

r=1

Since f < 1,

1 _ o—m(1-p)
/ xPdx = L
1/2m 1 - ﬁ

Therefore,

om_q . —ﬂ zm(l . 2—m(1—ﬁ))
r; <2_m> > 1-8



Because 1 — 27M(1-F) > 1 - 2=(1=F) > ¢ for all m > 1, we obtain

(kNP _ 1 o-(1=p)
kgl(z—m) Zmyn, Cﬁ:l—z .

Substituting this bound back into the unit-mass constraint yields

SO

p
This provides a uniform upper bound on M independent of m.

The uniform ratio bound then implies M™ is bounded above uniformly in m as

well.

Step 3.4 (Conclude the uniform L? bound). For every m and k,

- ()< ) <ol )

<Clom
with C independent of m. Squaring and summing,
#(m) 2 s ym 2 5 ( K\
Il = @R < C kz(z—m) 2™,

and the right-hand side is a Riemann sum for /01 w2 dw < oo since f < % This

proves sup,, ||L?_()m)||Lz(0,l] < 0, ie. sup,, 2™ Zk(x;;(m))z < oo, ]

Step 4 (compactness and extraction of a weak limit). Fix m € IN and let wy = k27 and
Ikm = (Wg—q, w] for k = 1,...,2™. Let xrm) — (xr(m), x;,ﬁm)) be an optimizer of

the m-bucket problem, and define the associated staircase density
L’;Sm) = 2mxz(m) for w € Ij .

Assume (as established in Step 3) that the sequence {L*(m}, <1 is bounded in L(0, 1],
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i.e. there exists B < oo such that |L*(™) |;2 < B for all m.

Since LZ(O, 1] is reflexive, there exists a subsequence (not relabeled) and a function
Lz) e L2(0,1] such that Lz()m) — LE‘_) weakly in L?(0, 1]. Moreover, LE‘_) is admissible:
because 1 € L2(0, 1], weak convergence implies /OIL’;S'") dw — /01 L%, dw, and since
each /01 Lt\gm) =1, we have /01 LY, dw = 1. Finally, L}, > 0 a.e. because the cone {f €
L? : f > 0a.e.}is convex and weakly closed. After extracting a further subsequence if

needed, we may also assume that the optimal discrete value y*(m) converges: y*(m) —

y* € [0, 00).

Step 5 (the weak limit equalizes continuous effective labor a.e.). Let y(’f) denote the work-
flow effective labor schedule induced by LE) (etc). We will now prove that, for some

constant y,

yo, =y ae.
Step 5.1 (Uniform approximation of stocks at gridpoints). For each m and each k < 2™,

define the piecewise-constant kernel

~ (wg — Wj_l)_ﬂ, veljm with j < k,
Kk,m,v =
0, V> Wg.

Then, by construction of Lz()m),

1 k k
/0 Kiem L:;(m) dv = Z(wk - Wj—l)_ﬁ[ Liﬁ(’”) dv = Z(Wk - Wj—l)_ﬁx;(m).
Jj=1 jm j=1

Denote the continuous learning stock induced by ngm) by H(* )(m), and the discrete

learning stock induced by x*(™ (or equivalently ngm)) by hzgm). Observe that hz(m) =
fol Kk,m’vLs(m) dv.

Also define the true kernel Ki, = (wy — v) 7P 1<}, so that va(km) =
fol Kk,vL:(m) dv. Hence

1
=1 = [ (Ko = KoL o
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By Cauchy-Schwarz,
™ = B ™| < 1Kk = Riomly o, LG ™ 2oy
A direct estimate of |Kj — I%k,m"Lz yields the uniform bound

IKi — Kk,m”LZ(o,l]

sup sup

< Cg < oo,
m>1 1<k<2m g~m(3=H) P

for a constant Cy depending only on f (and finite because f# < 1/2). Therefore, since
IILZ_()m) |2 < B for some finite B by Step 3,

*(m) *(m) -m(3-p) _ .
1£2§m|Hwkm —hy | < CpB2™™ P) = ¢, with ey — 0.

Step 5.2 (Discrete equalization and an L'-almost-constant proxy). Recall that by Step 2,
y;z(m) = y*(m) vk
Now define the piecewise-constant proxy
gg”) = (va(km)))/ . 2mx2(m) for w € I .
For w € I, we have
|g$MM) _ y*(m)| _ mez(m) ‘(H;(km))y _ (hz(m))}"_
Since y € (0,1), x — xV is y-Ho6lder on R4 and
la¥ = bY| <|a—b|Y Va, b>0.
Thus, using the stock bound from Step 5.1,

|g$vm) . y*(m)| < me;;(m) |H:;)(km) . h;;(m)‘}’ < ZmXZ(m) ff};z-
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(m)

Integrating over (0, 1] and using |y ,,| = 27™ and ) ;. xZ = 1 yields
2m
”g(('r)n) - y*(m)”Ll(o’l] / |g(m) *(m)| dw < Z(Z_m)(meZ(m))gf); = gf};, — 0.
Ik m k=1

Hence g™ — y*(M) in L!, and along our subsequence y*(™ — y* (from Step 4) we
have

g((.')") —y* inL'(0,1].

In particular, for every bounded measurable test function ¢,

1 1
/o Pwg™ dw > y*/o P dw.
( (m)

Step 5.3 (Replace g(.’)”) by the corresponding continuous expression G(.) under testing).

Define
) = () L

Fix ¢ € C([0,1]). We will show that

1
/fpwg(’")dw /(Pngn)dW—)O.
0 0

*(m) _

Writing the left integral cellwise and using 2™ x;

/ Pw g(’”)dw— / HM) L gy,
0 km

so the difference equals

tv(m) for w € I,

zm
D (e O A Gl e
k=1 m

By Cauchy-Schwarz, for any L. € L2andany 0 < w' < w< 1,

1 1
|Hw — H,/| = ‘/0 <(W —0) Py — (W' - v)_ﬁlugw')Lu dv‘ < CplLyla [w = w277,
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for a constant Cg depending only on f; in particular, H()( m is uniformly Hoélder on
[0, 1] with exponent % — B and constant CgB. Since y € (0,1) and |a¥ — bY[ < [a - blY,

for w € Ij ,,, we have
(Hm)T = (Hm) | < [ = H™) < (cpB)r 271 GP),
So

1 1 .
| /0 Pw g dw = /0 0w Gdw| < lol(CyB)Y 27 P /O L) gy

= [gloo(CyB)Y 27 GP) s g,

Step 5.4 (Pass to the weak limit: [ ¢ Gm [ ¢ y*). Fix ¢ € C([0,1]). We will show

1 1
[ ol ™) v [ () L v

Write the difference as

1

1
/0 ¢W((H:v(m))y_(H;)Y)L*(m)dw+/) Ql’w(H«:;)y(Liv(m)—Li\,)dwEA(m)+B(m).

Term B, Since p < 1/2 and L() € L2, we have H(*) € C((0,1]) and H;, S

||L(.)||z wi P asw 1 0, hence (p(.)( (,)) € L%(0,1]. Because L(() m L() weakly in L2,
it follows that B(™ — 0.
Term A Fix § € (0,1) and split

1) 1
Al = / () dw + / () dw = A 4 AP,
0 )

On [, 1], the family {H (m )} is equicontinuous and uniformly bounded: for w €
[6,1],
™) < L Lal(w = ) Payggcule < B Cps,

and similarly for increments. Moreover, for each fixed w > 0, the kernel (w —

(NP 1wy €L 2(0,1], hence weak convergence implies H,, xm) H;, pointwise on
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(0,1]. By Arzela—-Ascoli on [, 1], this implies uniform convergence:

sup |H§V(m) — H| =0, sup ‘(H:V(m))y - (va)y‘ - 0.
wel5.1] we[8,1]

Therefore,

1
AP < bk sup [(HA™)" = (1)) [ L dw =0 asm— e
we[,1] g

For the small-w part, use the bound (valid for any L, € L?) H,, < CﬁIIL(.)ng%_ﬁ , SO
for w € (0, §),

(Hm)Y < (C4B)Y WGP, (H)Y < (CHILE )" wG=B)

Hence, for some constant C independent of m,

(m)o % (N o ()Y g2 2 VG- pm)
INQUPI P ((HW )+ (HZ) )LW dw< C [ wG@PLm g,
0 0

Finally, by Cauchy-Schwarz and |[L*(™)], < B,

) )
/ WGP p(m) dwg( / W2V (P dw)l/z
0 0

Since y(%—ﬁ) > 0, the integral f05 w2G=P) vy vanishes as § 1 0. Thus sup,), |Agsm)0| —
0 as & | 0. Combining these bounds shows A — 0.
Therefore, for every ¢ € C([0, 1]),

1 1
/O<pWGs",")dw—>'/0 P Ve dw.

Step 5.5 (Conclude y;, = y a.e.) By Step 5.2, for every ¢ € C([0, 1]),

1 1
/o Pwg™ dw > y*/o P dw.

L] < B( / ? ar-p) dw)” 2
0
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By Steps 5.3 and 5.4, [ qowggvm) —f q)wGst) —0and [ Qﬂngn) = [ @wyy s0

1 1
/Oqowyildw=y*/0 pwdw Yo € C([0,1]).

Since (' € L1(0, 1], this implies yi, = y* a.e.

Step 6 (The equal-effective-labor allocation is optimal). Because A,y is always continu-
ous and Lz) produces equal effective labor across the interval, Lz) must be continuous
everywhere except at a removable set of discontinuity points. Let Lz) denote the con-
tinuous extension of Lz). Because LZ) € A and is left-continuous, it must equal the
unique equalizing allocation identified in Lemma 1.

Suppose by contradiction that a left-continuous allocation L.y € A yields y > y*.

Then by Lemma 3, it has a sequence of discrete approximations Lg;l) with yg?n)(w) —

yw > y" ae.
Let

b (2"

Choose an m such that
i. y*(m) < 29* and

(m)
ii. 2_'”‘Km| < (g)yﬂ/(Zy*) where K, = {k : ;f(m) <(1- 5)_()/“)},

as we can by the fact that yg:ln)(w) — yw >y > y"ae and ij(mn?w) -y, =y~ ae,
and the supposition that, by construction of 8, y/y* > (1 — §)"(**1). We must have

|Kim| > 1, or else y,(cm) > y*(m) for all k, contradicting the optimality of y*(™.

Let K, denote Kj,’s complement. Define

(1-8)x\™ 4+ 5/2, k=1
H5Y = 101- Ox™, ke Kn\ 1k (26)

(1= &)™ +(8/2)/|Knl, k€ Ko\ {1}.

This allocation is feasible because, by construction, the labor savings from cutting
fraction 6 of the labor in each bin total §, of which half is allocated to bin 1 and half
(orless, if 1 € Ky;) to bins k € K, \ {1}. To show that ﬁl(cm) > y*(m) v
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. 3™ > 2m(§/2)*1, which > 2*|Kp| by (ii), which > y*(™ by (i) and [Kpn| > 1.

« Likewise, for k € Ky, \ {1}, we have a learning stock exceeding §/2, from the
allocation to bin 1, and a labor allocation of at least (§/2)/|Kn|. So )7,(cm) >
2M(85/2)Y*1 /|Kipl, which > 2y* by (ii), which > y*™ by (j).

« For k € K¢ \ {1}, we have 5;,(;") > y,(cm)(l — 8)Y*1: a multiplier of no less than
(1—0)Y from the learning lost by the § labor cutback, and of exactly (1— &) from
the labor cutback directly. So by definition of Ky, y™(1 — §)Y*1 > y*(m),

O

The optimal allocation, disjoint case. Lemma 4 establishes that an optimal alloca-
tion of a worker over an interval (i) exists and (iii) takes the effective-labor-equalizing
form found in Lemma 1. It follows that the optimal allocation in the disjoint case,
found granting assumptions (i) and (iii), does indeed exist and take that form.

We will now prove assumption (ii) that the optimal allocation is disjoint.

The optimal allocation is disjoint.  Suppose {Lg)} is not disjoint. We will first
construct, for any § > 0, a disjoint allocation {LE’_)}(‘” with @ > (1 - §)y. We
will then find that there is another disjoint allocation {]3?_)}(5) and a £ > 1 such that
)A/Sf) > £(1—98)yor j/‘(f) > £(®). This will imply that for § < 1 —1/¢, @ > y.
Finally, since, fixing y»,, Yy, is weakly higher on a disjoint allocation (by the convexity
of (-)1*%), this will imply that any optimal allocation is disjoint.

Given a set P, let Np = {n : L} > 0}. Choose a V = (v,7] such that [N'y| > 1 and,
foralln € Ny,L}, >0and L"l/+ > 0, where V_ = (0,v] and V. = (7, 1]. Let P° be the
partition of (0, 1] consisting of V_, V, and V.

Let

w" = max{w : L], = 0}.

Given § > 0, further (infinitely) partition the interval as follows.
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Let
(/ﬂ(w—v)_ﬂL”dv)y
B S1= " (27)
Z"(w;w)= max zl... (28)
welww] —

Observe that Z"(-; w) is defined, by the continuity of z(’f;.) and compactness of [w, W],
and is strictly decreasing, with Z"(w",w) = 1 and Z"(w,w) = 0 for all w > w". It
is trivially right-continuous, by the continuity of z(’f);w and the fact that 2., = 0. To
show that it is left-continuous, take an increasing sequence v — vg, and for each k,
choose wi € [vg, W] such that zj .., = Z"(vg;W). The sequence {wy} must have a

convergent subsequence, so relabel the sequence so that wp — w”. By continuity of

HO%

ZM s W) = Zy o, = Zyggr S 2" (003 W).

Since Z"(-; w) is decreasing, the above must hold with equality.
Let
Si=1-(1-§

For each n, let vi = 1, and then for k = 0,1, ... let
e vi = w: ZMw;v) = 61] (defined by the continuity of Z"(-, v)),

n _ n
« Vp = (ka +argmax,,er,n ] zvlgﬂ;w)/z, and

y V&_H)_ =[w: Z"(w; V(nk_,_l)+) = 41].
(The resulting sequence will approach w", but instead of proving this, we can simply
note that if v — w > w", we may let v/, = w and repeat the process indefinitely until
w" is approached.) Then let Q" be the partition of (0, 1] consisting of (0, w"| and the
subintervals, open below and closed above, separated by {v I? v ]Z’_ 3.

Let

_1-28
S2=(1-0) ¥ —1,

and let {gi} denote the unique elements of {v, v/} in descending order. Construct
o by refining Q" so that, for each k¥ > 1, |Q| < 02(qx — qx+1) for all Q RO LN [0, w"]
with max(Q) < gyt 1.
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Construct P" by refining Q" so that

v > (1-8)Y2 vPe P\ [0,w"]. (29)
SUPep AW

Finally, let 7 = AN, P". We will now reallocate labor within each P € P so
that the resulting allocation {Lg)}(‘s) is disjoint across workflows and at least (1 — §)

as much effective labor is allocated to each workflow as under {Lgf)}.

For each P € P, reallocate {L7} into |N'p| sub-intervals as follows. Let wy = inf(P).
Then for each v = 1, ..., |Np|, pick an n € Np arbitrarily from among those not yet
chosen, and set wy 1 such that y(,, ., ., = yp. Allocate L") across (wy, wyy1] in
proportion to y,, subject to L?v(:i)’wvﬂ] =Lp:

Lp

L") =y, x (30)

y(WV>WV+1] .

Given n and w > w", let k!, index the boundary point of partition Q" with w €
(q;c@ﬂ, quv]. Given any reallocation {I:g)} that maintains I:g = L”Q for all Q e O,
A’V’V can be lower-bounded by the value it would take in a reallocation in which (a) n’s
labor in (gxn +2, w] were discarded and (b) within every Qe Q" with max(Q) < qxn +25

n’s labor was shifted entirely to inf(Q). Shift (a) multiplies A”, by at least 1 — &, by
construction of Q™. For each O € Q" shift (b) replaces fQ(w —v)7# L} dv with

/Q (w - inf(Q))_’BLl'}dv >(1+68,)7P '/Q(W - v)_ﬁL{}dv,

_ B
so multiplies n’s productivity at w by at least (1 + §2) '-?£. In particular,

A > (1 - 8)(1 — 82)A™, = (1—8)*/3A". (31)

Given w, let n be the unique worker with Lﬁ(a) > 0, and let P be the unique element
of P with w € P. By (30) and (31),

PO = AMOLMO) > (1 - 523 A%, ., LB /yh.
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Since L3 /yp > 1/ sup,cp A, by (29) we have
ALLE/yp > (1 - 83, (32)
So y(5) > (1—906)yw.
Let 6™%) denote the support of L™%). Choose an n € Ny with
W™ 0 v) <|VI/INVI (33)

Let {Eg)}(a) be a compression of {Lg)}(a) (i.e. an allocation with supports that parti-

tion the interval, maintaining the analog of (17)), and let upper bars indicate the cor-

= n(5)

responding supports, productivities, etc. 6™ will denote the support’s maximum.

WLOG assume that inf(5") = 0.

Let v* € "% denote the unique workflow with Ln(‘s)

L"’, , and let V.
(v ,max(an ))] Observe that for each w € V,, there is an x(w) € V; with L"(5) =
179 Jnd L) () 1at

x(w) w x(w)*

XE<1 o |)|V|e(0 1.

Due to the compression across V in particular, we have for all w € V.,
B inf(V) _ x(w) _
H(f,((s) > / (x(w) —v- X) ’BLg(a)dv + / (x(w) — v) ﬁLl’}(‘S)dv
0 inf(V)

inf(V) B x(w) B
>(1-x)" / (x(w) = 0) PLr® gy + / (x(w) =) P L1 gy
0 inf(V)

inf(V) _
> (1-x)7-1) /0 (x(W) ~v) ﬂLg((s)dU + H;((i))

$-+u—5y4 i

max,, H},
1 1-X)f -1 Y
ZX”)Y n( ) Xn5<1+LL"1/> > 1
xw 2 max,, H! -
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<«

for 5<8"=1- (2 (x")7)7; (34)

n(8)

x(w)’

SO Aﬁ,(fg) > X”AZ(W); and so, because I:”W(5) =L

J—/gvé) > X”Ln(é) n

x(w) x(w)

> X"(1-8)3y by (30) and (32),
where X" is independent of §. Thus )7553 ) > (Xm)1/2 y for
§< 6" =min (5", 1- (X")"2). (35)

1-28
—p

_1
Assume § < 6" Let y"=1—-(X") ¢ € (0,1), and let

( npno /2N -
<1 + Xl_]i/i,r// )Lﬁ,@), w < 0¥
+

(1— MmN, we V.

fn() _
w

0, w> 510 4 An,

where -

X LV+/2
&y

Multiplying labor within V by 1 — y™ multiplies productivity throughout V. by

A" g =(1-x"Ly /2)" /X"

at least (1 — y) 128, yielding
15 _1 1 i}
W2 -0 = (X)) > (X)) y vwe Vi

Of the )(L’{,+ units of labor saved by the reallocation from V.., half is allocated to
(0,v*] in proportion to L9, Letting £" denote the coefficient on I:ﬁ,((s) in the w < v*
prop g 51
interval, we have
¥ > £y vw < v,

where &' > 1 is independent of J.
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The other half is allocated to an interval above ™%, For all w > 5™ we must
have Aﬁ(ts) > (1 -x"Ly,/ 2) ’. because the penalty to distant learning (w—v)~# cannot
be less than 1 (at w —v = 1). So

ATOLQ) 5 5y /31 yw € (57, 5100) 4 A",

where 1/y" > 1 is independent of §.
For m = n, let {]3?)(5)} be an optimal uniform partition of (59 + A" 1]. Relative
to an optimal uniform partition of (6%, 1]—which would yield transformed output
-(0)

weakly greater than y,,’'—this partition assigns each m # n an interval at most 1 — A

times as large. So, by (14) and (15),
);gf) > (1- An)—(1+y)(1—ﬁ))—,(5) vw > 510 4 A"

where A is independent of §.

Denote
£ = min (X4, €, 1/x", (1 = A GRS

We have established that for § < §", 37555) > &My or 37&5) > &ny(0) = (1 — §)&my for all
w. So, if § < min(8",1—1/&") for some n satisfying (33) given &, 7% > y. And given
any & > 0, there is some n € Ny satisfying (33). So for all § < min,(min(6", 1-1/&™)),
5(8)

yo>y.



	Introduction
	Basic model
	A richer task space
	Machine learning by doing and the returns to scale
	Extrapolating task productivity gains from AI
	Proofs
	Limited proof of Proposition 2


